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Abstract
The Einstein AdS black brane with a cloud of strings background in context of
massive gravity is introduced. There is a momentum dissipation on the boundary be-
cause of graviton mass on the bulk. The ratio of shear viscosity to entropy density is
calculated for this solution. This value violates the KSS bound if we apply the Dirichlet
boundary and regularity on the horizon conditions. Our result shows that this value
is independent of the cloud of strings.
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1 Introduction
Observational data shows that the knowledge of the universe is incomplete and the
unknown parts of the universe are called dark matter and dark energy, so general rela-
tivity must be extended. There are some models to clarify these unknown parts, such
as massive gravity [1], bi-metric gravity[2], Brane-world cosmology [3], scalar-tensor
gravity[4], f(R) gravity [5] and Lovelock gravity [6]. In this paper we consider massive
gravity as a candidate of modified general relativity.
Massive gravity formulated in flat spacetime by Pauli and Fierz [7] and it’s ghost-
free and the generalization in the non-flat background was introduced by de Rham,
Gabadadze and Tolley (dRGT) [1] in which the BD ghost does not appear.
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In this paper, our goal is to further explore of a string cloud in the framework of mas-
sive theories of gravity.
Gauge-Gravity duality relates two different theories and it is a useful tool for study-
ing strongly coupled theories[8, 9, 10, 11]. In this duality, gauge theory lives in the
boundary of anti-de Sitter space-time and gravity is inhabited on the bulk. In long
wavelength limit, Gauge-Gravity duality leads to fluid-gravity duality[12, 13]. There
are some transport coefficients for this fluid and the duality helps us to calculate these
coefficients. In this paper we are interested in obtaining shear viscosity.
There are several ways to extract the transport coefficients: Kubo formula, pole
method, membrane paradigm and the constitutive relation of energy-momentum stress
tensor of the dual fluid and corresponding Navier-Stokes equations. Kubo formula and
membrane paradigm are determined on horizon.
The value of η
s
is one of the most interesting results from fluid-gravity duality which
takes the value of 1
4pi
for all field theories which are dual to Einstein-Hilbert gravity,
known as Kovtun, Son and Starinets (KSS) conjecture [14, 15, 16, 17, 18]. This lower
bound is also satisfied for transverse shear viscosity per entropy density for anisotropic
black brane. It is supported both by experimental data and theoretical analysis for
quark-gluon-plasma. The ratio of shear viscosity to entropy density is proportional to
the inverse squared of the coupling of quantum thermal gauge theory. It means the
stronger the coupling, the weaker the shear viscosity per entropy density[19].
In this paper we consider massive gravity with a cloud of strings [20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30] and introduce the black brane solution. This model can be
considered as a generalization of the Einstein-Hilbert model for studying the unknown
part of the universe, dark matter and dark energy. Finally, we study the effect of a
cloud of strings on the value of η
s
and suggest some comments about the field dual to
this gravity model.
2 The Einstein AdS Black Brane with a Cloud
of String Background in Context of Massive Grav-
ity
The action is given by,
I =
1
2
∫
d4x
√−g
[
R− 2Λ +m2
4∑
i=1
ciUi(g, f)
]
+
∫
Σ
m′
√−γdτdσ, (1)
where R is the scalar curvature, l is the radius of AdS spacetime, Λ is cosmological
constant, f is a fixed rank-2 symmetric tensor, known as reference metric and m is the
mass parameter. ci’s are constants and Ui are symmetric polynomials of the eigenvalues
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of the 4× 4 matrix Kµν =
√
gµαfαν
U1 = [K]
U2 = [K]2 − [K2]
U3 = [K]3 − 3[K][K2] + 2[K3]
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4] (2)
The square root in K means (√A)µν (
√
A)νλ = A
µ
λ and the rectangular brackets denote
traces, where the last part is called a Nambu-Goto action and (τ, σ) = (λ0, λ1) is a
parametrization of the worldsheet, m′ is a positive quantity and is related to the tension
of the string and γ is the determinant of the induced metric [27, 28, 29, 30]
γab = gµν
∂xµ
∂λa
∂xν
∂λb
. (3)
Nambu-Goto action can be written in terms of Σµν as follows,
SNG = m
′
∫
Σ
√
−1
2
ΣµνΣµνdλ
0dλ1 (4)
where Σµν = ǫab ∂x
µ
∂λa
∂xν
∂λb
is the space-time bi-vector. ǫab is two-dimensional Levi-Civita
tensor, given by ǫ01 = −ǫ10 = 1.
The energy-momentum tensor for string part of the action is calculated by variation
of the metric as follows
Tµν =
2∂L
∂gµν
= ρm′
ΣµσΣνσ√−γ . (5)
The components of Tµν are found by using Eq.(5),
T µν = −
σ2
r2
diag[1, 1, 0, 0] (6)
where ρ is a the proper density of the string cloud. The equations of motion are given
by,
Gµν +Λgµν −m2χµν = Tµν (7)
in which Gµν = Rµν − 12gµνR is the Einstein tensor and χµν is,
χµν =
c1
2
(
U1gµν −Kµν
)
+
c2
2
(
U2gµν − 2U1Kµν + 2K2µν
)
+
c3
2
(
U3gµν − 3U2Kµν
+6U1K2µν − 6K3µν
)
+
c4
2
(
U4gµν − 4U3Kµν + 12U2K2µν − 24U1K3µν + 24K4µν
)
. (8)
We consider the following metric as an ansatz for a four-dimensional planar AdS black
brane,
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2hijdx
idxj , (9)
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where fµν = diag(0, 0, c
2
0
hij) and hij =
1
l2
δij [31]. The values of Ui are calculated as
below,
U1 = 2c0
r
, U2 = 2c
2
0
r2
, U3 = 0, U4 = 0.
One can find f(r) by solving the following equation,
rf ′(r) + f(r)− k + Λr2 −m2
(
c0c1r + c
2
0c2
)
= −σ2 (10)
thus f(r) is found as follows,
f(r) = k − b
r
− σ2 − Λ
3
r2 +m2
(
c0c1
2
r + c20c2
)
. (11)
Event horizon is at f(r0) = 0 and we can find b by applying this condition,
b = r0
[
k − Λ
3
r20 − σ2 +m2
(
c0c1
2
r0 + c
2
0c2
)]
≡ r0
(
k − Λ
3
r20 − σ2 +∆
)
(12)
where ∆ is,
∆ ≡ m2
(
c0c1
2
r0 + c
2
0c2
)
(13)
In our case k is zero. By substituting b in f(r) we have,
f(r) =
1
r
[
− σ2(r − r0)− Λ
3
(r3 − r30) +m2c20c2(r − r0) +m2
c0c1
2
(r2 − r20)
]
. (14)
The entropy can be found by applying Hawking-Bekenstein formula,
S =
A
4G
= 4π
r2
0
l2
V2 (15)
s =
S
V2
= 4π
r2
0
l2
, (16)
where V2 is the volume of the constant t and r hyper-surface with radius r0 and we
used 1
16piG
= 1 so 1
4G
= 4π. The temperature is
T =
f ′(r0)
4π
=
1
4πr0
(
3r2
0
l2
− σ2 +m2l2(r0c0c1 + c20c2)
)
(17)
3 Holographic Aspects of the Solution
The metric is as follows,
ds2 = −f1(r)
l2
dt2 +
l2
f1(r)
dr2 +
r2
l2
(dx2 + dy2) (18)
f1(r) =
l2
r
[
− σ2(r − r0)− Λ
3
(r3 − r30) +m2c20c2(r − r0)
+m2
c0c1
2
(r2 − r20)
]
= l2f(r) (19)
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Now we introduce the perturbation in the metric as,
ds2 = −f1(r)
l2
dt2 +
l2
f1(r)
dr2 +
r2
l2
(dx2 + dy2 + 2φ(r)dxdy) (20)
By choosing the metric perturbation as δgyx = φ(r)eiωt and inserting it into the action
Eq.(1) and keeping up to φ2 [14, 15, 16, 17, 18, 19], we get:
S2 =
−1
2
∫
d4x
(
K1φ
′2 −K2φ2
)
(21)
we demand ω = 0, where
K1 =
r2f1(r)
l4
=
r2f(r)
l2
=
r(r − r0)
2l4
(
− 2σ2 + 2c20c2l2m2 + c0c1l2m2(r + r0)
)
+
r(r3 − r3
0
)
l2
K2 =
c0c1m
2r
2l2
(22)
then the EoM is,
(K1φ
′)′ +K2φ = 0 (23)
We try to solve the mode equation Eq.(23) perturbatively in m2 and σ2. So firstly
consider m = σ = 0. Then the EoM will be given as follows,
r(r3 − r30)φ
′′
+ (4r3 − r30)φ′ = 0 (24)
The solution is
φ(r) = C2 + C1(− log(r) + log(r − r0)). (25)
Then applying the boundary conditions (regularity at horizon and φ = 1 at the bound-
ary) gives C2 = 0 and C1 = 1 which means that φ(r) = 1 is a constant solution. In
this case, according to equation (16) in [32],
r(r3 − r30)φ
′′
+ (4r3 − r30)φ′ = 0 (26)
Now consider m2 and σ2 to be a small parameter and try to solve Eq.(23). By Putting
φ = φ0 +m
2φ1(r) + σ
2φ2(r) where φ0 = 1 and expanding EoM in terms of powers of
m2 and σ2, we will find,
m2
(
c0c1L
2r + 2r(r3 − r30)φ′′1(r) + 2(4r3 − r30)φ′1(r)
)
= 0 (27)
σ2
(
r(r3 − r30)φ
′′
2 + (4r
3 − r30)φ′2
)
= 0 (28)
Thus we find the solutions,
φ1(r) = C2 − m
2
24r3
0
(
2
√
3c0c1l
2r20ArcTan(
2r + r0√
3r0
)+
+ 24C1 log r + 2c0c1l
2r20 log(r0 − r)
− c0c1l2r20 log(r2 + rr0 + r20)− 8C1 log(r − r0)− 8C1 log(r2 + rr0 + r20)
)
(29)
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φ2(r) = C3 +
C4
3r3
0
(
log(r − r0) + log(r2 + rr0 + r20)− 3 log r
)
(30)
φ(r) is as follows,
φ(r) = Φ0 − m
2
24r3
0
(
2
√
3c0c1l
2r20ArcTan(
2r + r0√
3r0
)+
+ 24C1 log r + 2c0c1l
2r20 log(r0 − r)
− c0c1l2r20 log(r2 + rr0 + r20)− 8C1 log(r − r0)− 8C1 log(r2 + rr0 + r20)
)
+
σ2C4
3r3
0
(
log(r − r0) + log(r2 + rr0 + r20)− 3 log r
)
(31)
where Φ0 = φ0 + σ
2C3 +m
2C2.
By applying regularity on horizon condition, we will get rid of log(r− r0) if we choose
C1 =
1
6
(r3
0
l2c1c0 + 3c
2
0
c2l
2r2
0
)− e2
m2r4
0
C4.
The second boundary condition is at φ(r =∞) = 1, which gives,
Φ0 = 1 +
m2l2πc0
24r2
0
(c1r0 + i(3c0c2 + c1r0)) (32)
Thus we have found φ(r) from horizon to boundary. The solution is as follows,
φ(r) = 1 +
m2c0l
2
24r2
0
(
(6c0c2 + c1r0) log(r
2 + r20)− 2c1r0ArcTan
r
r0
+
+ 2c1r0 log(r + r0)− 4(3c0c2 + c1r0) log r + πc1r0
)
(33)
So we have solved the mode equation Eq.(23) up to the first order in σ2 and m2. In
order to calculate η
s
we should find the value of φ(r) at r = r0
η
s
=
1
4π
φ(r0)
2 =
1
4π
(
1 + 2m2φ1(r0) + 2σ
2φ2(r0)
)
=
1
4π
(
1 +
m2c0c1l
2
36r0
(
√
3π + 9 log 3)
)
(34)
KSS bound is violated by applying regularity of the solution of mode equation at
horizon and φ(r) = 1 on the boundary of AdS.
4 Conclusion
We study the aspects of field theory sector of massive gravity with a cloud of strings.
η
s
is calculated by applying the Dirichlet boundary and regularity on the horizon
conditions[32]. This value is an important quantity in fluid-gravity duality and pro-
portional to the inverse squared of the coupling of the field theory sector, so it means
that the field theory side of massive gravity with a cloud of strings is the same
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as massive gravity theory. There is a conjecture that states η
s
= 1
4pi
for Einstein-
Hilbert gravity, known as KSS bound [33] which it is violated for higher derivative
gravity[33, 34, 35, 36, 37]. Our result shows massive gravity with a cloud of string
behaves effectively like higher derivative gravity[38]. Our outcome also shows that a
cloud of strings acts like a charge comparison to [38, 39] results.
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